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QUANTIZATION OF KAHLER MANIFOLDS. II

MICHEL CAHEN, SIMONE GUTT AND JOHN RAWNSLEY

ABSTRACT. We use Berezin’s dequantization procedure to define a formal *-
product on a dense subalgebra of the algebra of smooth functions on a compact
homogeneous Kihler manifold M . We prove that this formal x-product is
convergent when M is a hermitian symmetric space.

0. INTRODUCTION

In part I of this paper [7] we showed how to quantize certain compact Kéhler
manifolds (M, w, J). This means the following: Let (L, V, k) be a quan-
tization bundle over M (i.e., a holomorphic line bundle L with connection
V admitting an invariant hermitian structure /, such that the curvature is
curv(V) = =2inw). Let # be the Hilbert space of holomorphic sections of
L. To any linear operator A4 on # is associated a symbol A which is a real
analytic function on M . Denote by E(L) the space of these symbols. For
any positive integer k, (L = ®* L, V%), X)) is a quantization bundle for
(M, kw, J). If #* is the Hilbert space of holomorphic sections of L*, we
denote by E(L*) the space of symbols of linear operators on #Z* . If, for ev-
ery k, a certain characteristic function &%) (which depends on L and k and
which is real analytic on M) is constant, the space E(L') is contained in the
space E(L*) for any k > /. Furthermore |, E(L!) (denoted by %) is a
dense subspace of the space of continuous functions on M . Any function f
in %7 belongs to a particular £(L) and is thus the symbol of an operator A}k)
acting on #* for k > /. One has thus constructed, for a given f, a family of
quantum operators parametrized by an integer k.

From the point of view of deformation theory [1], where quantization is
realised at the level of the algebra of functions, one can say that one has
constructed a family of associative products on E(L!), with values in %7,
parametrized by an integer k ; indeed

frg=AP4Y,  fogeE), k>1

The aim of part II is twofold. Firstly, we prove that, for any compact gen-
eralized flag manifold, there exists on %7 a formal differential x-product with
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parameter v which coincides with the asymptotic expansion of the previously
defined *, associative products when v = i/(4nk). Secondly, we prove that,
when M is a hermitian symmetric space, the *,-product of two functions in
%, is a rational function of k having no pole at infinity. Hence the formal
x-product is in fact convergent.

The paper is organised as follows: In §1 we study the geometrical properties
of two 2-point functions on M , one of which is related to Calabi’s diastatic
function [3]. In §2 we prove the existence of an asymptotic expansion in k™!
of the x,-product of two elements of E(L'). In §3 we turn to flag manifolds
and prove that the asymptotic expansion constructed in §2 defines a formal
x-product. The proof depends crucially both on the homogeneity and on the
density property proved in part I [7]. Finally §4 is devoted to the proof of the
rational dependence in v of the associative product of two functions in %7
when M is hermitian symmetric.

The relationship between quantization by deformation and a calculus of sym-
bols has been studied by many authors and in particular by F. Berezin [2] and
by C. Moreno [6]. We hope that results presented here help to elucidate some
of the underlying geometry and the difficulties which have to be overcome to
understand completely the compact Kihler case.

Acknowledgment. We are pleased to thank our friend Joe Wolf who gave us the
benefit of his expertise in the geometry of hermitian symmetric spaces. We also
thank the British Council and the Communauté francaise de Belgique for their
support during the preparation of this work.

1. THE RELATIONSHIP BETWEEN CALABI’S DIASTATIC FUNCTIONS
AND LINE BUNDLES

The formula for the product of symbols (to be described in §2) introduces a
2-point function y defined in terms of coherent states. Some of the properties
of this function are described here. Another, somewhat related 2-point function
¥ , defined locally in terms of nonzero holomorphic sections, turns out to be
expressible in terms of Calabi’s diastatic function D. In this section we study
these three functions D, w, ¥ and in particular we give a formula for the
Hessian of such a function at a critical point.

Asin [7], (M, w, J) will be a compact Kihler manifold and (L, V, k) a
quantization bundle over M . Consider a real-analytic, closed, real 2-form Q
on M of type (1, 1). On a contractible open set U C M there exists a real
1-form B such that Q = df. One may write f = o +a for some (1, 0)-form
a on U. Since Q istype (1, 1)

Q=(0+0)a+a)=0a+ (0a+0a)+da

implies da = 0. Thus, by the Dolbeault lemma, there exists a function g
defined on a possibly smaller open set V' C U, such that

(1.1) Q=00g+00g=00(g—g)=(i/4n)ddf

where f is the real-valued function f = 47i(g — g). The function f is not
unique: if 88f; = 0, 8/, is a holomorphic (1, 0)-form, thus there exists
locally a holomorphic function 4 such that 0 f| = 9h = dh. The reality of f|
implies that 8 f; = dh and thus df, = d(h + h); i.e., f; is the real part of a
holomorphic function.
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A function f satisfying (1.1) is called a potential for Q. Since Q is real
analytic, f is also real analytic and may thus be complex-analytically continued
to an open neighbourhood W of the diagonal in ¥ x V. Denote this extension
by f(x,y). It is holomorphic in x, antiholomorphic in y and, with this
notation, f(x)= f(x,X).

Consider the function Dgq): W — C,

(1.2) Dy(x, y) = f(x, %)+ [, ) = f(x,¥) - [, X).

Since f is real valued on V', one has f(x,¥) = f(y,X) and thus Dq) is
real valued. One checks that D, does not depend on the choice of the local
potential f and is thus a globally defined function on a neighbourhood of the
diagonal in M x M , depending only on Q. It is called the Calabi function of
Q.

Observe that, for any y € M, the set U, = {x € M| Dq)(x, y) is defined}
is a neighbourhood of y. Denote by D), the function on U, defined by
D(g)y({c) = Diq)(x, y), then 89D(q),(x) = (00f)(x, X) and thus D(q), is a
potential for Q on U, .

Definition 1. Calabi’s diastatic function D is the Calabi function of the Kéhler
form w.

Example 1. Let M = C" and let w = (i/2) E?:l dzj AdZ; be the canonical
Kaihler form, then a potential f is given by

n

f=21) |z

j=1

and the Calabi diastatic function D is
n
D(z,z'y=2n)_ [Iz;* +|Z)* - 2,2} - 2}Z)]
j=1
(1.3) n
= 2712 |zj — z;|2.
j=1

It is thus, up to a factor, the square of the distance between the points z and

z'.

Example 2. Let M = CP" and let n: C**'\{0} — CP" be the canonical pro-
jection. Denote by ( , ) the standard metric on C"*'. The Fubini-Study
metric g on CP”" is such that

(n"8):(X, Y) = Enle[(X’ V))zl? = (X, A:1Y, A;) = (X, B:)(Y, B;)]

where z € C"*! and

Az = Z(Zaaz(, +?aaf,,) P Bz = Z(_izaaza + 1'7083").

a<n a<ln

Considering the chart U = {p|p = =n(z) with z"*! # 0} and the coordinate
map ¢: U — C", ¢(p) =u where p=n(z) and u; = z//z"! | j < n, one
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sees that the Kdhler form w on U has the form

J [(1 +Z|u1|2) Edua/\dHC.ZEQdua/\uﬂdﬁﬂ].
A a a, B

w= 5
2n (1+%; |ual?)
Hence a Kihler potential f is given by

f=2log (1 +y° |u,1|2> .
A

In these coordinates the diastatic function has the expression

D(u,u')=2 [log (1 +y |u1|2> +log (1 +y |u;|2>
i A
— log (l + Zuﬁﬁ) —log (1 + Zuﬁﬁl)] .
A A

This can be rewritten in terms of the coordinates in C**! as
Iz 12’2
(z, z')|?

In particular D > 0 unless n(z) = n(z’), where D =0.

(1.4) D(n(z), n(z')) = 2log

Observe that C"*'\{0} may be identified with a principal C*-bundle over
CP". Observe also that the argument of the logarithm in formula (1.4) may be
rewritten for any hermitian line bundle by using local sections. These observa-
tions will lead us to the definition of our second 2-point function.

Let = : L — M be a holomorphic line bundle with real-analytic hermitian
structure 2. Let s: U — L be a zero-free holomorphic section of L over the
open set U C M. Then |s|?(x) = h.(s(x), s(x)) is a real-analytic function on
U which can be analytically continued to a neighbourhood of the diagonal in
U x U, to give a function |s|?(x, ) holomorphic in x and antiholomorphic
in y. This function has nonzero values for y sufficiently close to x. Consider
then the expression (analogous to the one in (1.4))

- Is]*(x, D)Is*(v, ¥)
1.5 xX,y)= —
(19 VOO = T s, ) P
wherever this is defined, which will be the case in a neighbourhood of the diag-
onal. Remark that if ¢: U — L is another holomorphic section on U without
0, there exists a holomorphic function f: U — C such that ¢ = f-s. Then
P, 3 1P, 9) _ P P, D) O PO _ g
[1t2(x, 9) 12 LSS | Is2x, 9) 1 ’
This justifies the following definition.

Definition 2. If L — M is a holomorphic line bundle with real-analytic hermi-
tian structure 4, the 2-point function y defined locally by formula (1.5), in
a neighbourhoood of the diagonal in M x M , will be called the characteristic
function of the bundle L, and denoted y; .

Before considering some of the properties of ¥ , let us exhibit the relationship
between y and Calabi’s function.
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Proposition 1. Let n : L — M be a holomorphic line bundle with real analytic
hermitian structure h. Let V be the unique connection, [5], on L leaving h
invariant and such that Vxs = 0 for any X of type (0, 1) and for any local
holomorphic section s. Let w = (i/2xn)curv(V). Then

(1.6) ¥=e P

where D is the Calabi function of w.

Remark. If (L, V, h) is a quantization bundle for M , the Kahler form satis-

fies the assumption of Proposition 1 and thus ¥ = e~:2 where D is Calabi’s
diastatic function.

Proof. Let s: U — L be a holomorphic section of L. Then
Vxs = as(X)s
where «; is a 1-form of type (1, 0). Also
dls)? = (o5 +a)|s|?
and thus
oy = 8 log|s|2.
The curvature 2-form ¢ is defined by
0(X,Y)s=(VxVy —VyVx = Vix y))s
and for s holomorphic we get
g(X,Y)s=(das)(X, Y)s.
That is
o =090 log|s|* = —09 log |s|*.
Thus for w = (i/2n)o, —2log|s|? is a potential and we can compute the Calabi
function D of w as
Is|>(x, P)Is)*(y, %)
DL, ¥) = 2108 (0 P 3)

| = 2108 7(x, ),

hence the conclusion.

The 2-point function has the following two properties: (a) Let #: L — M,
n' : L' - M be two holomorphic hermitian line bundles and let y; and ;.
be the corresponding characteristic functions. If s : U - L and s’ : U — L’
are local sections then s ® s’ is a local section of L ® L’'. Hence

(1.7) YieL = YL VL.
In particular if one considers the kth power L¥ of the bundle L, one has
(1.8) e = (YL~

(b) Let f : M — N be a holomorphic map and let = : L — N be a
holomorphic hermitian line bundle. Then f*L — M has natural holomorphic
and hermitian structures such that if s: U — L 1is a local holomorphic section
of L over the open set U C N, then so f, the corresponding section of f*L
over f~'U, is holomorphic and |s o f|> = |s|> o /. Formula (1.5) shows that

(1.9) Gro=Wiof.
These properties justify the name characteristic function.
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The 2-point function y; may be expressed in terms of coherent states and
of the function & which has been introduced in part I and denoted by 6 there.
Denote by #; the Hilbert space of holomorphic sections of L with the scalar
product

w"(x)
n!

(1.10) (s,s') = /th(s(x) , 8'(x))

where h is the hermitian structure of L, w the Kihler form of M and
dim M = 2n.

Evaluation of a holomorphic section s at a point x of M is a continuous
linear map # — L, = n~!(x). Choose a base-point ¢ € L,. Then there
exists a unique element e, € #; , called a coherent state, such that

s(x) = (s, e)q, x=mn(q).
Since e,, = ¢ 'e, for ¢ a nonzero complex number, the function

&(x) = llegl*lgl®,  x =n(q)

is well defined.
If so: U — L is a zero-free holomorphic section over U, and s an arbitrary
holomorphic section of L then

5(x) = (s, egx))S0(x), xeU.
Thus (s, es(x)) is a holomorphic function of x and hence e,,,) depends anti-
holomorphically on x. In particular

€(x) = (€5(x) » Esp(x))50(X)[?

is real analytic and admits an analytic extension to a neighbourhood of the
diagonal in U x U, holomorphic in the first variable and antiholomorphic in
the second

8(-x s ?) = (eso(y) s eso(x))|50|2(x > 7)
In particular

_ e(x, X)e(r, 7) [es) » Esotx))?
”eso(x)||2||eso(y)”2 le(x, ¥)|?

_ e()E) lleq, ) ,
=60, D Tea e 2 € L \M0b " € L\ {0},

We have seen in [7], the importance of the condition ¢ being constant. This
motivates the following definition.

y(x,y)
(1.11)

Definition 3. A hermitian holomorphic line bundle n : L — M will be said to
be regular if the function ¢ is constant.

Definition 4. Let {e;|q € Lo} be the set of coherent states of the hermitian line
bundle 7 : L — M. The 2-point function y is defined by

(A '
1.12 xX,y)=+——">—"--—, n(q)=x, n(qg)=y.
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v is globally defined on M x M and takes values in [0, 1]. In particular all
points of the diagonal are critical points where y takes the value 1. Rewriting
the definition in terms of a local holomorphic section sy we have

wix, y) = N Eq)’
“eso(x) “2”eso(y) “2

which shows that y is real analytic.
Reformulating the above, we have the next proposition.

Proposition 2. If L is a regular, hermitian, holomorphic line bundle, the char-
acteristic function y equals the 2-point function y and is thus globally defined
on M xM.

A precise result concerning the zeroes of the diastatic function (or equiva-
lently the set of points in M x M where ¥ = 1) can be obtained for regular
bundles which are sufficiently positive.

In this situation let # be the Hilbert space of holomorphic sections of L
and let ¢9: M — P(#*), x = n(q) — Cl; where g € Ly and [;(s)q =
(s, e5)q = s(x) for any s € #. When the Chern class ¢|(L) is sufficiently
positive, this map ¢ is an embedding. Using §3 of [7], one sees that the pull-
back of H*, the dual of the tautological bundle over P(#*), is isomorphic
to the given bundle L. Hence y; = ygy- o ¢. From Proposition 1 and from
the expression of D for complex projective space given in Example 2, one sees
that w(x,y) = wr(x, y) =1 if and only if x = y. This proves the following
proposition.

Proposition 3. If the bundle L is regular and sufficiently positive, the diastatic
function D(x, y) vanishes ifand only if x =y.

The function y admits the points of the diagonal as critical points. In
fact at these points y has its maximum value, namely 1, and if the bundle is
sufficiently positive, w(x,y) =1 only if x = y. Choosing a point x of M,
we plan to compute the Hessian of the function w(x,.) at y = x.

If, as above, H denotes the tautological bundle over P(#*), then the hermi-
tian form on H is given by z — |z|>, z € #*\ {0}. Thus on the dual bundle
H* it is given by z — 1/|z|?. Hence we get from (1.4) and Proposition 1

_ g, lq')|2 _ l(eg , eq)|2
Mgl N> llegl®lleq 11

if g (resp. q') belongs to Lo, (resp. Lo,). This means that O Wy = Yr.
Observe that at a critical point (x, x) of w., one has

Ve (6(x), ¢())

$(x) = Cly,

(1.14) (Hess W)(x,x) (X, Y) = Hess wy- (0. X, Y ) (4(x), 6(3))-
The right-hand side can be computed readily:
(1.15) (Hess; yy-) = —ng

where the suffix 2 means that one fixes the first variable (and thus yy- be-
comes a function on P(#*)) and where g is the Fubini-Study metric given in
Example 2. For L sufficiently positive we then have the following proposition.
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Proposition 4. If n: L — M is a sufficiently positive regular bundle, the Hessian
of the characteristic function i (considered as a function of its second argument
only) is given by

(1.16) Hess, y; = —n¢*g.
In particular it is a nonsingular symmetric bilinear form.

Remark. Using the proposition of §3 of [7] one sees that the Hessian is propor-
tional to the metric of M .

2. THE COMPOSITION OF OPERATORS AND AN ASYMPTOTIC FORMULA

As in §1, we denote by (L, V, h) a quantization bundle of the compact
Kihler manifold (M, w, J) and by # the Hilbert space of holomorphic sec-
tions of L. By compactness of M, it is finite dimensional. Let A: Z — Z
be a linear operator and let

A(x): (eq,eq), qGLOX,XEM,

be its symbol.

The composition of operators on # gives rise to a product for the corre-
sponding symbols, which is associative and which we shall denote by * follow-
ing Berezin. For the basic facts about * quantization see [1]. We have

(4Bey, eq) _ (Beg, A"¢;)
llegll? llegll?

- /M hy(Beg)(y), (A"eg) () 2 0)

llegll?  n!
12 n
2.1 =/ Be,, e, )(Aey , e 14" @"(y)
( ) ( q q’ )( q q)”eq”2 n'

ey )P 0710
/ AC, BY, ) e Eew)
"<y>

/Ax VB(y, x)w(x, »)e(y)

(A * B)(x) = 4B(x) =

Let k be a positive integer. The bundle (LXK = ®* L, V¥, h") is a quanti-
zation bundle for (M, kw, J) and we denote by #* the corresponding space
of holomorphic sections and by E(LK) the space of symbols of linear operators
on #k. We have proven in [7] the following facts (i) When &%) is constant
for all k (i.e., when all bundles L* are regular) one has the nesting property
E(L% c E(Lk+1).

(ii) With the same assumption J, E(L¥) is dense in #°(M). From §1, we
recall that formula (1.8) and Proposition 2 prove that

(2.2) y®(x, p) = (w(x, y)~

From formula (2.1), the nesting property and formula (2.2) one sees that if
A, B belong to E(L') and if k >/ one may define

kw"

@3 B = [ A B, spte e
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Remark 1. Let G be a Lie group of isometries of the Kahler manifold (M, w, J)
which lifts to a group of automorphisms of the quantization bundle (L, V, h).
This automorphism group acts naturally on the bundles (L%, V%) hk). We
have proven in [7] that if g € G and if e,gl) is a coherent state of L', then

g€’ = e). From this one deduces that for any A, B in E(L) and any

k>1:

g" (A x B)(x) = (A% B)(gx) = ((§7'Ag x §7'Bg)(x) = (8" 4 x g"B)(x)
which means that the product *, is G-invariant in the geometrical sense [1].

It is also a consequence of [7], that if g is the Lie algebra of G and X €
g, the symbol of the quantum operator associated to the function Ay, where
i(X*)w = dAxy and X* is the fundamental vector field on M corresponding
to X, is precisely that function Ay . Hence the product %, is covariant, [1].

We plan to analyze the k-dependence of the formula (2.3). The first step in
this direction is the rationality of &) .

Proposition 1. Let (M, w, J) be a flag manifold, let (L, V , h) be a quantiza-
tion bundle for (M, w, J) andlet L* = ®" L and let ¢*) be the e-function of
the bundle L* . Then &% is a rational function of k, with no pole at infinity.

Proof. Recall that by the theorem of §3 of [7]

W= 1 gima®

e = ol M)k dim #
where n = 1dimM and #® is the space of holomorphic sections of L.
Now #%) carries an irreducible representation of G (M = G/K where G is
a compact connected, simply-connected Lie group and K is the centralizer of
atorus 77 of G). Denote by A the highest weight of this representation. If
4 is the highest weight of the irreducible representation of G on #, one has
A=ku.

Let g be the Lie algebra of G and t be the algebra of a maximal torus
T O T;. Let A be the set of roots of g€ relative to tC. There exists an
“admissible” Weyl chamber C of it* such thatif A, is the set of positive roots
relative to C and if @ is the set of positive simple roots, then ® = &, U d,
where ®; = {a € ®| o, = 0}. Furthermore the algebra ¢ of the isotropy
group K is such that

€=©Ca Y (8"+07")
a€A}
where the elements of Af are sums of elements of @, . Denote by A7 = A*\A} .
One has then

dimg G/K = dim G — dimt — 2#{a € AT},
n=1(dimG - dimt) — #{a € A}}.
Recall that Weyl’s dimension formula tells us that the dimension d; of # is

given by
4, = [Toca: (A+9, a)

Haem (9, a)

where J denotes half the sum of the positive roots and ( , ) is the scalar
product on it* induced by the Killing form of g.
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Thus d; is a polynomial in k with degree ¢ equal to the number of positive
roots which are not orthogonal to A. Clearly ¢ = #{a € A}}. Indeed the
stabilizer of the highest weight is equal to K as the geometrical quantization
conditions are satisfied. Hence the conclusion since ¢ = n.

Remark 2. This proposition generalizes to the compact regular case. Indeed, in
this situation L — M is a holomorphic, hermitian line bundle with connection
V and the curvature of V is 2niw. Thus w is an integral form representing
the first Chern class ¢;(L). As w is a positive (1, 1)-form, ¢;(L) > 0 and
thus L is an ample bundle. So passing to a sufficiently high power k£ of L,
Kodaira’s map ¢ is an embedding of M in projective space. In particular by
Chow’s theorem, M is a projective algebraic variety.

Now by the Riemann-Roch-Hirzebruch formula the Euler-Poincaré charac-
teristic y of the d-complex is given by an integral of a polynomial in ¢;(L)
of degree equal to the dimension of M . Kodaira’s vanishing theorem replaces
the Borel-Weil-Bott theorem to tell us that, if ¢;(L) is sufficiently positive (i.e.
for k sufficiently large), all cohomology spaces vanish in positive dimension.
Hence y reduces to dim#(L¥) and is thus a polynomial of degree dim M in
k.

Remark 3. The integral in (2.3) is an absolutely convergent integral which makes
sense for any real number k > /. Indeed it may be rewritten as

l 4 1 )} l
ey, ei') (Bey ) ey Ples” I a'P1a"2 e kme”
! ) ! 1 / I} 12|42 ’ !
Mwm4>@n>wwwwwmw: n!

) ! k" w"
(e, eV (Bey , eDyyk(x, y) 2Iql Iq”IZ—,
M n:

Dop () g% k"w
=A%@#¢4>kwyuww

and thus
. . k"o
'/ A('x9 y)B(y’ x)y/k_l(x’ y)g(k)___'__’
M n:

. . X o K'o"
< [ JAGe 1Bl xwtox, e
69 1opn [ h04Be® o0y 2"
< ol e [ I aBel) e

which is clearly bounded.

The second step consists in localizing the integral (2.3) in a neighbourhood
V' of x; or, more precisely, to define a neighbourhood U of the diagonal in
M x M such that, forany x in M, V = {y € M|(x, y) € U}. This is done
by means of a version of the Morse lemma which we take from Combet [4].

Proposition 2. Let (M, w, J) be a compact Kdhler manifold and let g de-
note its metric. Let V be an open neighbourhood of the zero-section of the
tangent bundle p: TM — M, such that the map o:V - M x M, X —
(P(X), expp(x) X) is well defined. Let (L, V, h) be a regular quantization bun-
dle over M and let v be the corresponding 2-point function on M x M . Then
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there exists an open neighbourhood W of the zero-section in TM , and a smooth
embedding v : W — TM such that

n
(2.4) (=logyoaor)(X) =3 g&u(X, X), XeW

Proof. By compactness of M , there exists an open neighbourhood V; of the
zero section of TM and an open neighbourhood U; of the diagonal A in
M x M such that

i ncv,;

(ii) oy, : V1 — Uy is a smooth diffeomorphism;

(iii) U ny~(0)=2.
Denote by f: V; — R the smooth function f = —logy o a. Observe that
f(0x) = —logy(x, x) =0. If we denote by a subscript 2 differentiation in the
vertical directions in TM one has

(D2f)0x = )(D2W)(x,x) =0

w(x, x

since all points of the diagonal are critical points of . Finally, using Proposi-
tion 4 of §1 we get (Hessy f)o, = ngx .
For v € V], define the function g, : [0, 1]— R:t— f(tv). Clearly

£,(0)=0, 2,(0)=(Dyf)ov =0
and
8, (0) = (Hessy f)o(v, v) = ngx(v,v) >0
whatever v we choose. Taylor’s formula with remainder gives us

1
fw) = /0 (1-5)2!(s) ds
and one sees that

gzl;(s) = (DZf)sv'v s g{,/(S) = (HCSS2 f)sv(v s 'U).

We can thus introduce on each tangent space M, a family of symmetric bilinear
forms, indexed by an element v € V; N M,

By(u, u') = /01(1 — s)(Hess; f)so(u, u')ds.

Clearly Bo(u, u') = %(Hessz So(u, u') = 5gx(u, u') is positive definite.

Using compactness again, we can find a neighbourhood V5 of the zero-section
in TM such that (i) ¥, C V;; (ii) B, is positive definite for any v € V;.
Recall that f(v) = By(v, v). There exists a unique nonsingular element C, of
GL(M,) which is symmetric relative to B, such that

By(u, u') = Bo(Cyu, u')

and all eigenvalues of C, are strictly positive. Furthermore the map V> C
TM — End(TM), v — C, is smooth. Finally the endormorphism C, admits

a unique symmetric, positive definite square root CJ/ 2 and

By(u, ') = Bo(Ca*u, Co*u).

Also Col/ 2 — I and the map v — CJ/ 2 is smooth.
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Definethemap f: Vo, - TM, v — C'/ 2y . This ‘maps the zero-section onto
the zero-section and one can ﬁnd a neighbourhood W of the zero-section such
that B|; : W — TM is an embedding. Clearly one may choose W = B( ),

v = Blw~" and the proposition is proven.
Proposition 3. Let (M, w, J) be a compact Kdhler manifold, (L, V , h) be a

quantization bundle for M and y be the corresponding 2-point function. Then
for any f belonging to E(L') the integral

(2.5) Fx) = [ S ywteenkn e, fork 2
admits an asymptotic expansion
(2.6) Fi(x) ~ Y kG (f)(x)

r>0

where C, is a smooth differential operator depending only on the geometry of
M.

Proof. Use Proposition 2 to construct a neighbourhood U, of the diagonal A
in M x M and a neighbourhood ¥, of the zero section in TM such that the
following hold: (i) a: V; — U;, X — (x, exp, X) is a smooth diffeomorphism;

(if) 3v=': ¥ - v~1(V}) ¢ TM asmooth embedding such that — log woaov
=3%g on v7!(V);

(iii) U,ny~'(0) = @. Going back to the proof of Proposition 2, one observes
that aov : v~ (V])N My — M = {x} x M is an embedding and hence one may
define a nonzero smooth function 6 by

((aou) c:z)fl)(x v)=60(x,v)dv

where dv denotes the linear Lebesgue measure on M, . Shrinking V), if nec-
essary, one may assume that 6 is defined on 7', and hence is bounded as well
as all its derivatives.

Choose an open neighbourhood U, of A in M x M, with U, c U, and
define V; = o~ !(U,). Let y: M x M — [0, 1] be a smooth function such
that x|y, = 1 and supp x C U;. Set n = max, ,¢y, ¥(x,y). Clearly
n<land y(x,y)<non M\U,. Let Uy, ={y e M| (x,y) € U},
Uy x={yeM|(x,y) e Uy} and x.(y) = x(x,y). The function x, is equal
tolon U, , and has support in U .

The function f appearing in the statement of the proposition is a smooth
function on (M x M)\ y~!(0) (it may have singularities where w vanishes).
In particular it is well behaved in a neighbourhood of the diagonal. One has

_ k n_w_n k "w_n
Fl)= [ St ki [ s e ke

Ul,x

Going back to the Remark 1 of the previous section one sees that there exists a
positive constant C; such that |fy!| < C; on M x M. Thus

/ flx, y)wkx y)k wn
M\U,

< Clﬂk lkn VOlM
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Also

n

F06 D) = s WECe, 9k

Ul,x
n

[ s g ke
U x\U2 x

< Con*k™volyy
if |f| < C, on U; . Grouping the terms we get

R = [ ol ) ey kS| < Ok, ks

where we have defined C = vol(M)(Cin~! + C;). Thus this difference is
exponentially uniformly small. The integral may be computed in the tangent
space M, as

/ x(x,y)f(x,y)w"(x,y)k"%
Uy x

= [ xlaov)(x,v)f(aov)(x, v)e” F8C-Vkmg(x, v)dv
Vix

where V] x = (aov)™! Uj 4.
Denote by G(x, v) the function on TM defined by
(2.7)
Gx, vy - { 20 oS ((@ov)(x, )00k, V), if (x,v) € Vis
0, if (x,v) ¢ .
It is smooth and compactly supported and

n
X ) f (e, Ve, MR = /M Glx. v)e- B0y

Ul.x

=/ dr G(x, rv)e= 7' =1 krdy
0 SM

where r(v) = g(v, v)!/? and SyM is the unit sphere in M, . Now use Taylor’s
formula with integral remainder for G(x, rv)

2N P . 1 (1 _s)ZN N
G(x, rv) = ,; E(D{,’G)(x, 0) + r2N+1 /0 TN_)!—(D’%N 'G)(x, rsv)ds.

The integral of the remainder term is easily bounded since G is compactly
supported.

0o 1 _ ¢\2N
dr dv k"r2”+2N+2/ ds———(l 2]3;, (D2N+1G)(x, rsv)e™ 3"

SxM
e [ [ a0

2t et
2N+1
X (Dv G) (x, _k S'U) —\/_

C
<kNZ=,
- vk
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Observe finally that if p is odd
/ (DPG)(x,0)dv =0
SeM

since this is the integral of the restriction to the sphere of a homogeneous poly-
nomial of odd degree. Putting these facts together we get

N

(p+n—=1)2\ptnk=P
- kM| (x) — ; (2p)!—(;) = /SXM(Dgpc;)(x, 0)dv
k1 n+N G
< Cyk™N + N

This proves the proposition since the derivatives of the function G in the ver-
tical direction for v = 0 do not depend on the choice of the cut-off function
x , but depend only on f and 6 (which is related to the geometry alone).

Remark 4. If A (resp. B) is an element of E(L') which corresponds to a rank
one operator As = (s, u)v; u,v,s € #' (resp. Bs= (s, a)0; @, 0, e#!)
the formula (2.3) for their x-product takes a very special form. Indeed

A(x,)B(y, x) = (U, eq) (v, eq){it, €g) (0, eg)

|(eq > €g)I
_ he(u(x), a(x)hy(0(p), u(y)) 1
(g(l))z l/ll(x, y)’

Hence

(A B)(x) = =

h (U(X3 i(x)) /M hy(0(y), u()’))wk-l(x,y)e(k)kn_‘f_

e n!

Thus it is the product of a symbol C € E(L!), (Cs = (s, #)v; @t,v,s € #')
by an integral of the form (2.5). Observe also that k has been shifted by /.

Remark 5. Using Remark 4, we compute the first two terms of the asymptotic
expansion of A%, B for A and B in E(L') and k> 1.

n N n g(k)
(An B0~ - 10(3) 5 [ Glx, 0

D2G(x,0)dv +---

N n_!(z)n+lg(k) 1

\7) Tk o
where we still need to expand &%) and where
G(x, 0) = A(x)B(x)6(x, 0),
G(x,v) = A(x, exph(v))B(exph(v), x)8(x, v).
;ance the first term is proportional to the product A(x)B(x) , the coefficient
eing

(2.9) a=(n- 1)!(%)"%9@, 0) vol $2"~ g,

where gy denotes the constant term in the asymptotic expansion of the rational
function ¢®) . Observe that one has the identity 1, 1 = 1 which tells us that
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a = 1. For the second term, we shall only compute its antisymmetric part. We
have

(/‘i * ke B - B * g A)(X)

n! s 2\n+l g
~5(z)" 2% ), PHGunx, 0 - (DiGhs, a(x, 0] dv -+
Observe that one has the identities 1 *; B = B x;, 1 = B which imply that the
above integrand reduces to
(2.10)

(A * B—-B X A)(X)
n! (2 )"+l &

2\n/)  k Jou

~

[D1),2A(x3 x)Dv,lB(x’ x)

— D, 2B(x, x)D, 1A(x, x)]0(x, 0)dv + -

where the indices 1, 2 refer to the first (second) variable in a function of the
form A(x, y). The integrand is a homogeneous polynomial of degree 2 which
one integrates over the sphere S2"~!. Hence if one decomposes this polyno-
mial into a multiple of |v|> and a harmonic polynomial, only the multiple of
|v|?> plays a role in the integration. Since A(x,y) is holomorphic in x and
antiholomorphic in y one gets

2.11) (A*kB—B*kA)(x)A«é{[‘f,ﬁ}(x)+~~'

where { , } is the Poisson bracket of functions on M associated to w. From
(2.10) and (2.11) one gets

(2.12) g = ﬁ

Remark 6. Going back to formula (2.9) applied to the product x, of elements
A, B of E(L') one sees that expanding the derivatives (compare 2.6) will give
rise to bidifferential operators which are invariant under all the automorphisms
of the quantization. Summarizing the above analysis we have

Theorem 1. Let (M, w, J) be a compact Kdhler manifold and (L, V , h) be a
quantization bundle over M . Assume this quantization is regular (i.e. Vk > 1,
the function ¢® corresponding to L* = ®F L is a constant). Let A, B be
symbols of linear operators on #' (= space of holomorphic sections of L').
Then the product *,

(Ax B)(x) = /M Ale, VB, )y, R )

defined for any k > 1 admits an asymptotic expansion for k tending to infinity
(2.13) (A BYx) ~ Sk C (A, B)(x)
r>0

where the cochains C, are smooth bidifferential operators, invariant under the
automorphisms of the quantization and determined by the geometry alone. Fur-
thermore

(2.14) Co(A, B)(x) = A(x)B(x),
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(2.15) LG, B) - (B, A)x) = -4, BY(x).

3. A *-PRODUCT FOR FLAG MANIFOLDS

We would like to show that the asymptotic expansion obtained above defines
an associative formal x-product. For this we have, so far, only a proof when
(M, w, J) is a flag manifold.

Lemma 1. Let (M, w, J) be a flag manifold with M = G/K where G is a
compact simply-connected Lie group and K the centralizer of a torus. Assume
the geometric quantization conditions are satisfied and let (L, V , h) be a quan-
tization bundle over M . Let &1 = |, E(L*) be the union of the symbol spaces.
Then %1 coincides with the space E of vectors in C*(M) whose G-orbit is
contained in a finite dimensional subspace.
Proof. Any symbol A € E(L!) for some /. Its G-orbit is clearly contained in
a finite dimensional subspace, namely E(L!) itself. Hence %7 C E C C®(M).
We have proven in [7] that 7 is dense in C%(M) for the topology of uniform
convergence, hence is dense in L2(M) for the convergence in norm. Suppose
V is a finite dimensional invariant subspace of L?(M) then it is a direct sum
of irreducible subspaces each of which is then closed in L2(M). Hence each
irreducible subspace of ¥ must intersect %7 . By invariance and irreducibility
it is contained in €. Thus V and hence E C %;.

Corollary 1. If A, B belong to E(L'), there exists an integer a(l) such that
(i) A *, B belongs to E(L*D)Y; (ii) for every integer r, C,(A, B) belongs to
E(La)y,

Proof. It was proved in Remark 2 of the previous section that the map E(L!)®
E(L!) - C®(M) givenby A® B — A, B intertwines the action of G, hence
(i). Similarly it was observed in Remark 6 that the bidifferential operators C,
were invariant under G, hence (ii).

Consider now the asymptotic development given by Theorem 1:

N
AxB=> k"C/(4,B)+Ry(4, B, k)
r=0
where o
Jim kNRy(A, B, k)=0

uniformly in x. Corollary 1 tells us that Ry(4, B, k) belongs to E(L")
where a(/) is independent of k. Then

N
(Ax B)x C =) k"C/(A, B)x, C+ Ry(4, B) % C
r=0

N
= Y kGG, B), ©)

r,s=0

N
+ S kTRN(CH(A, B), C, k) + Ru(4, B, k) % C.
r=0
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The second term multiplied by k" clearly tends to zero when k tends to
infinity. For the third observe that we can write

RN Z ua

where é, is a basis of E(L%!) and where for each a, limg_. kNu,(k) =
Now &, *, C is well defined and the limit for k large is the usual pointwise
product. Hence limy_ ., kNRy(A, B, k)% C = 0. This implies that the formal
series 3", C/(4, B)k™" defines an associative deformation on %, . Hence we
have proved the following theorem.

Theorem 2. The asymptotic expansion _,qk~"Ci(u, v) defines a formal asso-
ciative deformation of the usual product of functions in %7 .

Remark. This is called a formal *-product since the antisymmetrization of the
second term is the Poisson bracket of the functions u and v. The product
extends to all of C*°(M), using uniform convergence.

4. CONVERGENCE OF THE *-PRODUCT FOR HERMITIAN SYMMETRIC SPACES

We prove that A =, B is a rational function of k with no pole at infinity,
when the flag manifold is a hermitian symmetric space. This implies that the
asymptotlc expansion converges for k sufficiently large. If we know already
that A4 %, B is a rational function of k, then the existence of the asymptonc
expansion says it is smooth at infinity and so has no pole there. Hence it is
enough to establish the rationality. As the proof is relatively long we shall split
it into a series of lemmas.

Lemma 1. To prove that A = B is a rational function of k, for any pair of
symbols A, B e E(L"), (I < k) it is enough to prove that

[ ww. w2 @)
M

n!
depends rationally on p .
Proof. Formula (2.3) tells us that

(A % B)(x) = /M A(x, »)B(y, x)wk(x, y>6""k"w—:1(zy‘)

for 4, B € E(L"), (I < k). Since #' is finite dimensional it is enough to
prove rationality in the particular case where 4 and B are rank one operators
As={(s,u)v, Bs={(s,&)d.
Then
PR (eg, W){v, €) / (eg, u){0, eq) 4y @)
Ax*; B)(x) = v (x, y)eWk" ——
WP =" Ju ™ Teel? nl

where n(q) =x, n(q') = Y. The term outside the integral is the symbol of an
operator and belongs to E(L'); it is independent of k.
There exists a basis of /#' composed of coherent states and so we may write

u= Z uieg, V= Zvieqi

i<N i<N
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and thus the integral reduces to

eq , €q)(€q ,€q) _ w”
3 u,vf/ BT AACRS ’(x,y)s(")k”—(,y)-

2
2 leg] n!

Assume we have proven that

G(k , X, w) — / (eq’ > eq“)<eq” > eq’) !//k—[(x , y)s(k)kn wn(y)
M lleg 112 n!

(where m(q") = w) depends rationally on k. Since G depends in a real

analytic way on w, and admits a unique analytic extension to M x M, this

analytic extension still depends in a rational way on k. Thus rationality of

G(k, x, w) is sufficient. Notice that

wn
Glkx,w) = [y wphte, ek S e P

Since |le,~||? is independent of k and &%) is a rational function of k, the
rationality of G is equivalent to the rationality of

/ v'(y, w)v/""(x,y)L(,y)-
M n

Set p=k—-1, qg=1 and

w'l
n(,y) =H(g,p;w, x).

H(p,q;x,w)=/Mw"(x,y)w"(y,w)
It follows that if we prove the rationality of H(p, g; x, w) with respect to p
then we have proved the rationality with respect to k of the product x .

Lemma 2. To prove that H(p, q; x, w) is rational in p for a flag manifold
M = G/K (G a compact Lie group, K the centralizer of a torus in G) it is
enough to consider G simple.
Proof. Flag manifolds are simply connected and one may also assume that the
compact group G is simply connected. Hence G = G| x--- x G,, K = K| x
--x K, and M =G /K, x---x G, /K, = M| x --- x M,. We shall denote by
pj: M — M; the canonical projection. Let y be the character of K defining
the line bundle L = G x, C and let x; be the restriction of x to K;. Denote
by Lj = Gj x,; C the corresponding line bundle on M; and consider p;L;,
the pull-back bundle. L is isomorphic to & ;P;Lj, hence

ve = [[wor L = [I(wi, o p)).
J J

Since the volume form 2 is a product of volume forms w; on each of the

factors M; one sees that
H(p, q; x, w) / vE (0,(X), POV (5 0), Py (),

and the lemma is proven.

Let us recall some basic facts about hermitian symmetric spaces. Let M =
G/K be a compact irreducible hermitian symmetric space. Then M is simply
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connected [8, p. 376], and we may take G to be connected, compact, sim-
ple with trivial centre and K to be a maximal connected proper subgroup of
G [8, p. 382]. Furthermore the centre Z(K) of K is isomorphic to U(1)
[8, p. 382]). Let = : G — M be the canonical projection and let 0 = n(e)
denote the identity coset. The symmetry sy belongs to Z(K) [8, p. 375]. Let
g denote the Lie algebra of G and ¢ be the Lie algebra of K. Let o denote
the involutive automorphism of g defined by Ad 5o and let g = ¢® p be the
decomposition of g into the +1 and —1 eigenspaces of o. Let h be a maxi-
mal abelian subalgebra of ¢. h contains 3, the Lie algebra of Z(K) and is a
maximal abelian subalgebra of g. Hence if g€ = ¢C @ pC is the complexified
algebra of g, the subalgebra hC is a Cartan subalgebra of g€. Let A be the set
of roots of g with respect to h® and let A. be the set of roots whose retrictions
to 3¢ do not vanish identically. If A; = A\ A, then

=pe ) o, =) ¢
BeA, BEA,
The roots take real values on ih. Choose compatible Weyl chambers in (ih)*
and (i3)* and denote by A* the corresponding positive roots. Let

=3y ¢, n=3 o

BeAl —BeA}

Then n, and n_ are abelian subalgebras of pC and p® =n, ®n_ [8, p. 384].

Two roots a, B € A are said to be strongly orthogonal if neither a +
nor a — f belongs to A. Let a be a maximal abelian subalgebra of p and
let r be its dimension. The number r is called the rank of the symmetric
space M . One proves [8, p. 385] that there exists a subset {y;, ..., y,} of Af
consisting of strongly orthogonal roots. If a € A let h, € h® be the element
such that B(h, h,) = a(h) where B is the Killing form of g€. There exist
vectors X, € g* such that forall a € A, (X, — X_,) and i(X, + X_,) belong

to g. Furthermore
2

[Xoy Xo] = a(ha)ha'
Then we can choose the subalgebra a so that it is spanned by the vectors
i(XJ’j + X—}’j) ’ (] < r) :

Let G be the simply-connected Lie group with algebra g€ and let N*,
K€, N~ denote the analytic subgroups of G with algebras n,, ¢, n_ re-
spectively. The following facts are standard:

(i) The exponential map induces a diffeomorphism of n, (respectively n_)
onto Nt (respectively N~ ), [8, p. 388].

(ii) The map N_ x K¢ x N, — G®, (n_,k,n,) — n_kn, is a smooth
diffeomorphism onto an open submanifold of G€ containing G, [8, p. 388].

(iii) The map f: G/K — G¢/K®N,, gK — gK®N, is a holomorphic
diffeomorphism, [8, p. 393].

(iv) Themap &:n_ - M, Y — expY -0 is a holomorphic diffecomorphism
of n_ onto an open dense subset of M, [8, p. 395].

Let us now go back to the quantization bundle L — M ; as a homogeneous
line bundle L = G x, C where x is a character of K. Observe that y extends
holomorphically to K€ and trivially to N, and thus defines a character of the
parabolic KCN, . One can view L holomorphically as L = G€ x, C.
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Denote by g — g the complex conjugation of GC with respect to the real
form G. If g € L° (= L\zero-section) and if ¢, is the corresponding coherent
state one has

(4.1) g-e5 =€z,

Indeed the representation of G on # extends to GC. Formula (4.1) is valid
for g in G, and both sides depend holomorphically on g. Hence (4.1) is valid
for GC.

If go is a nonzero element of L, (= fibre above 0), the coherent state ey, is
a lowest weight vector for the representation of G¢ on # . Indeed if n € N_

and h € K€ then
n-ég =€ng =€g,

h- €30 = €hqy = Cx(h)gy — (h)_leqo = X(h)e(IO'

From its definition the 2-point function y(x, y) is invariant under G (i.e.
v(gx, gy) = w(x, y)). This implies that in the integral given in Lemma 1 one
can choose x = 0. Also by the observation (iv) above one can assume that
y € &(n_). We thus compute for any n € N_

|(eqo ’ ean>|2
w(0, n.0)= > "l
’ llego |12 lleng, 1> °

(a0 » €ngo) = (€qn > Pegy) = (n™"eqy , €40) = llego I’
using the same argument as for formula (4.1). Hence

lleq I
v(0,n-0) =—2-—,
llengoll?

Similarly, if z € é(n_) and if sy is a holomorphic section of L% over &(n_)

y(n-0,z)= |{€ngo » eSo(Z))|2 — (7 - egy » es()(Z))I2
’ llengollllesy(2) 1> llengyll?llesyz) I

Thus

/ w0, yYy(y, z)?
M

w"(y) _ / |(F’ *€q 5 eso(z)>|2q”eqo”2p wn(y)
n! tne)  Nengll?PFD|legy )12 n!

Observe that one can choose go such that ||e,||> = 1. The above integral is the
product of a function of z, independent of p together with

/ |('_1 * €5 eso(z))|2q wn(n : O)
tney 17 eg | 2P+ n!

Since the group N, is nilpotent, the numerator of the integrand is a polynomial
function on n_.

We now wish to write this integral over £(n_) as an integral over n_, by
making the change of variables explicit. Let dz =dz;A---Adz, be the n-form
on n_ (n =dimc¢n_) which is translation invariant. This induces an invariant
form, still denoted by dz, on N_. Clearly ¢~!*(dz Adz) is a volume form
on &(n_) and so has the form

w"(2)

Edzndz) = f

n!
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for some function f. Since G acts transitively on M, any element g € G
can be written in the form g = u(g)k(g)n.(g) where u(g) € G, k(g) € K€,
n,(g) € N, . In particular for n € N_
s _ w™(u(n) -0 "0 .
&1 (dz Ad2)lwo = £(n- 0D = pn0) D o )

n!

or equivalently
(& d2)no 0 u(n)e A(E™""d2)p0 0 u(n)s =
But

f(n-0)
f(0)

(E " d2)poou(n)e = (£71"d2)p0 0 (nny(n) " k(n) "),
= (&~ "*dz)o o (ns(n)~'k(n)~").
and since the action of N, is unipotent, one has

f(n-0) -
OB | det(Ad,_ k(n)~h)|2.

One can choose normalizations such that f(0) = 1. After this change of vari-
able the integral becomes

(&~"*dz)o A (&7 d2)o.

e, , €z B
/ |<|qu—“-;°‘(,+—z||det(Ad k(n)~))["2dz A dz.
n 40

We still wish to write the denominator and the jacobian more explicitly.
Observe that
= u(n)k(n)n(n)
implies
n = u(n)k(n)ny(n).
Since conjugation permutes N, and N_ and since ¢, is a lowest weight vector

17+ egyl1* = [k (n)eg|I* = |x (k(n))Plleg 1> = |x(k(n)~")i2.

Since the centre of K€ is one dimensional, all characters of K€ are powers
of a given one u, which we choose in such a way that y(k~!) = u(k)? for
some positive integer a.

Clearly k — det(Ad,_ k~!) is also a character of K€ and thus there exists
an integer a’ such that

det(Adn_ k(n)™") = u(k(n))*.
We conclude this discussion with the following lemma.

Lemma 3. To prove that H(p, q; x, w) is rational in p for an irreducible her-
mitian symmetric space M = G/K it is enough to prove that

[(Reg » €sy(2))]? _
SR e dzdz
/n_ lu(k(nype “*

is rational in p. Here the numerator is a polynomial on n_ and u is the
Sfundamental character of K .

Proof. Combining the preceding arguments, we see that the rationality of
H(p, q;x,w) is equivalent to the rationality of

/ |‘u|<ﬁeqo’ eso(z)>|2 dZdZ

) |2 ap+aq+a’)

with respect to p. Replacing ap + aq +a’ by p will not change the question.
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Since n_ is isomorphic (as a vector space) to p, this integral may be viewed
as an integral on p. Our next aim is to decompose this integral into “radial”
and “angular” integrals, but first we introduce some more notation. Let m be
the centralizer of a in €, and let M be the corresponding connected subgroup
of K. Let t be a maximal abelian subalgebra of g containing a and let tC be
the corresponding Cartan subalgebra of g€. Denote by A the set of roots of g€
relative to €, and by A, the set of roots in A which do not vanish identically
on a. As above the roots take real values on it*. Choose compatible Weyl
chambers in it* and in ia*.

Consider the map B:K/M xa — p, (kM,a) — Ad k(a). It is surjective.
Now K/M, p, a have invariant metrics induced by the Killing form of g.
Denote by dky and da the corresponding Riemannian measures on K/M
and a, respectively. The measure on p = n_ was already denoted dz AdZ.
Then we have the identity [9, p. 382]

B*(dz Nd2)p 0 = | [ Ma)| dknrda
AeA}
and thus the following lemma holds.
Lemma 4. Let F be a function on p which is integrable. Then

(4.2) /,, F(z)dzAdz = ” dky / lgf F(Ad k(a))da

and in (4.2) one can replace the integral over K/M by an integral over K,
introducing some normalization constant C .

Consider, as above, the vectors X; = i(Xy, + X—y,), (J < r), which form
a basis of a and also the vectors Y; = X,, — X_, and H; = 2ih;/B(y;, 7;).
They determine r mutually commuting su(2)-subalgebras of g

[X;, Yj1=—-2H;, [H;, X;]=-2Y;, [H;,Y]=2X,
This implies that
Ad exp — Y( Xj)=H;, Adexp-— Y( Hj) =
In particular the automorphlsm 7 of g defined by
T=Ad exp%Yl ---Ad exp%Y,

sends the algebra a onto the subalgebra [ of h spanned by the H;’s, (j <r)
and sends [ onto a. The system of roots of g€ relative to C corresponds to the
system of roots of g€ relative to hC. In particular the roots in A; correspond
to the set ® of roots in A which do not vanish identically on I. The roots in
® come in pairs o, —a and we shall denote by ®* any subset of ® obtained
by choosing arbitrarily one root in each pair. Then

II »(z(a)

pED

II Aa)| =

€A
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Lemma 5. (i) The function k' — p(k(exp Ad k'(A))) is constant on K , where
A denotes the n_ component of an element A of a.

(ii) Any K-invariant polynomial on p is necessarily of even degree when re-
stricted to a.

Proof. (i)
exp Ad k'(A) = k' exp Ak~ = k'u(exp A)k(exp A)n(exp A)k'™"
and thus
k(exp Ad k'(A)) = k'k(exp A)k'™'
and (i) follows, since u is a character of K.
(ii) If P is the invariant polynomial and A4 an element of a, write 4 =
>; ajXj; then P(A) is a polynomial in the a;’s. Observe that
Ad exp mH;j(Xy) =X, ifk#],
Ad exp nH;(X;) = - X
and thus P(ay, ..., a,) is even in each variable a;.
Lemma 6. The function p(k(exp 3., a;X—y))) is a product of r functions each

depending on only one of the a; .

Proof. The subgroup exp tX_, is contained in the SL(2, C)-subgroup of G©
whose Lie algebra is spanned by X;, Y;, H;. Since these r subgroups are
commuting

exp Zan_yj = Hexp ajX—y,.

j<r jsr

Write each of the terms as a product exp a;X_,, = u;k;jnj with u; € G,
ki € K€, n;f € N, and observe that each of these elements belongs to the
corresponding commuting SL(2, C)-subgroups. Hence

[Twkinf =T1w 15 I17;

jsr j<ro j<roj<r

u (k (exp Zan—?/‘)) = H,u(k,)
Jj<r Jj<r

where each of the k;’s depends on a; alone. This proves the lemma.

and thus

If we set Q(z) = |(Rey, , eso(z))|> then Q(z) is a polynomial on n_ and
we may summarize the above analysis by rewriting the integral appearing in
Lemma 3 as

Q(Z)dz/\dZ _ dk / |HAEA+ a)|Q(Ad k( )
n k() S M I/t( (eprd k(@)

|Hp€<b+ Izp d / Q(Ad k( ))dk/

=C

|H1§r




96 MICHEL CAHEN, SIMONE GUTT AND JOHN RAWNSLEY

where dk' is the Haar measure on K. The integral of Q over K gives a
polynomial Q(a,, ..., a,) invariant under K. Thus it is of even degree in

each a;.
’ (T ( K 1)) i
pEDH J<r

is of odd degree in each argument aj; .
Proof. To see this we fix some j and partition ®*

O ={y;}u{pe®pLyuds

where the last set consists of all elements not in the first two sets. If p is
orthogonal to y; then p(3_;a;H;) is independent of a;. Also (2 a;Hj) =
a;yj(Hj), so is of degree one. Finally, if p € ® and s; denotes the element
of the Weyl group associated to y;, then s;p differs from both +p and one of
xs5;p isin ®*. Since s; fixes all the y, for k # j,

:t(sjp) (Z aka> =xp (—ajHj + Zaka)
k

k#j

and thus the root which belongs to ®* actually is in <I>;.r . Hence CD; has an
even number of terms which pair off to contribute factors of the form

(P (Z aka) - p(ajHj)) (P (E aka) + p(a,~H,~)>
k#j k+#j

2
=p (Z aka) - p(ajHj)z.

k#j

Lemma 7. The polynomial

R(a, ... ,a) =

The lemma now follows.

Lemma 8. The function |u(k;)|* of a; is of the form (1+a?)* for some positive
power «.

Proof. The calculation can be done in a fixed SL(2, C). We have

X+=<8 (l))en+, X_=((1) 8)611_

and we decompose

10
exp aX_ = (a 1) = ukn,

with u € SU(2), k diagonal and n, upper triangular with 1s on the diagonal.

If . 1
C y4
k=(0 c")’ ”+=(0 1)

with ¢ € C*, z € C then multiplying out and solving gives

lc)?> = 1 + a?.
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The lemma follows since every character of the diagonal subgroup has the form

c 0 o
(0 c“)Hc’

If we expand the polynomial RQ in monomials, only odd powers will occur
as a consequence of Lemma 7. Using Lemma 8, it follows that

a(dl, ey a,)
p(r(a)| T ip, 44
/ 11 I, w2

is a sum of terms each of which is a product of integrals of the form

00 2s+1
/ M‘I x
oo (14 x2)p
where s is in a fixed range independent of p. A simple calculation yields the

next lemma.
Lemma 9.

00 | x2.v+l| s!
/ —de = .
oo (1 4+ x2)op (ap—1)---(ap—s—1)
In particular the integral is a rational function of p without pole at infinity.
This can be summarized in the following theorem.

Theorem. Let M be a compact hermitian symmetric space and let (L, V , h)
be a quantization bundle over M. Let L¥ = ®* L and let #* be the space of
holomorphic sections of L*. Let E(LK) be the space of symbols of operators
on Xk, If A, B belong to E(L') and k > 1, the product A . B depends
rationally on k and has no pole at infinity.

Corollary. The asymptotic expansion of A =, B is convergent.

Remark. A calculation along similar lines for the nonhermitian symmetric flag
manifold U(3)/U(1) x U(1) x U(1) leads to a similar result. It thus seems
reasonable to suggest, in conclusion, the following conjecture.

Conjecture. For any generalized flag manifold the x,-product of two symbols is
a rational function of k without pole at infinity.
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